Abstract. Symmetric interpolation polynomials are defined for iV-dimensional simplexes with the aid of a symmetric coordinate notation. These polynomials are used to produce symmetric interpolatory quadrature formulae of arbitrary degree of precision over simplexes of arbitrary dimensionality. Tabulated values of weight coefficients are given for triangles and tetrahedra.
1. Introduction. Interpolative quadrature formulae for Af-dimensional simplexes have been given by various authors, e.g., Stroud [1] or Hammer and Stroud [2] . Their principal attraction in applications lies in the fact that multidimensional regions of integration can often be closely approximated by unions of simplexes. The object of this paper is to show that, for any N, it is possible to define quadrature formulae of any degree of precision n, symmetric in the sense of Hammer, Marlowe, and Stroud [3] ; and to give a straightforward procedure for finding the weights and node locations. Although the resulting quadrature formulae are not efficient in the sense of [3] , they possess the advantage of being very convenient computationally, and can be generated easily for any reasonable values of N and n. They represent a natural generalization of the Newton-Cotes formulae to the A-dimensional case, and include the latter for A'' = 1.
2. Notation for Simplexes. A simplex is defined by its N 4-1 vertices in the Af-space spanned by the coordinates x(1), a;(2), • • -, xiN). Let S be the A^-dimensional simplex whose kth vertex coordinates are xkli), i = 1, 2, • ■ -, N. Let the size of the simplex S be denoted by o-(S) and defined as (1) .OS) = ^i
Under this definition, the size of a 1-simplex is its length, that of a 2-simplex its area, and so on. Let a point P he located within the simplex S. Let >Sm denote the simplex defined by P and the vertices of S other than the rath, i. Clearly, other polynomials and corresponding node placements will result from other choices of p.
4. Quadrature Formulae. In general, all interpolatory quadrature formulae may be written in the form [4] (13) / fixil),---)dU~oiS)Y/cifi
where the summation extends over all the interpolation nodes in S. The weights a are given by
where a¿ is the polynomial associated with the ith interpolation node. The integrals of monomials over a simplex are well known [5] ,
(
15) Jtx ■■■ï»+idU-(pi+^+pN+i+N)[oiS).
The quadrature weights c¿ are therefore readily evaluated by expanding the polynomials and integrating term by term. All required arithmetic steps are direct, and can be coded for evaluation by computer. There is no essential difficulty in obtaining formulae for any reasonable N and n. From (8) and (15), it is readily seen that the formulae are symmetric, and the weights the same for any permutation of i, j, k :
Only one of these weights needs to be tabulated. In the tables, the weights are expressed exactly as integer quotients, the numerators being tabulated individually and one common denominator being shown for each of the open and closed forms. Application of the tabulated data to a specific simplex is made as follows. Let the vertices of the triangle (or tetrahedron) be Xo, Xx, X2 (or X0, Xx, X2, Xs), As an example of this procedure, the node index numbers and quadrature weights are given in Fig. 1 for the closed formula with n = 3, N = 2.
The tabulated figures have been verified by computing integrals of monomials, and some polynomials, up to and including degree n 4-2. Their degree of precision has been verified as n. 
